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(G0al

HoTT as a programming language:
1.Type system
2.Decidable definitional equality on open terms

3.0perational semantics on closed terms
satisfying preservation, canonicity for nat
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Kan condition:

any n-dimensional
open box has a lid,
and an inside




Computation

[Coquand,Huber,Bezem,Barras,
Brunerie,Licata,Harper,Shulman,
Altenkirch,Kaposi,Polonsky...]

* Bezem,Coquand,Huber, 2013 gave a
constructive model of type theory
In Kan cubical sets; evaluator based on this

* Today: a type theoretic paraphrase of
these ideas
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Choices

Parametrized judgement or internal inductive step

u:"A

U~aAV
[Altenkirch&Kaposi,Polonsky]

Boundaries-as-terms or boundaries-as-types

u:Squarea

u:Squareal tbr

Cubical operations meta-operation or not
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A Cubical Type Theory
(eo-Dimensional,
Boundaries-as- lerms,
Explicit Cubical Operations)




DiImensions as names

[Coquand,Pitts]
* n-dimensional cube has n dimension names free
* a-equivalence: make {x,...}-cube into {x’,...}-cube
% Substitution of 0 or 1: faces
* Weakening: degeneracy/reflexivity
* Exchange: symmetry

% Contraction: diagonal

Properties are cubical identities
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heterogeneously —*
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Degeneracy

UV TFu:A
U, sdim,V:I'+u: A
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Faces

X dim - u : A

U
u<@/ x> — u<l/x>
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Faces

X dim, y dim +~ u : A
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X

y ‘ substitutions for independent
variables commute
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Degeneracies

a

p
S
do d1
p
X

a <0/x>
a<1l/x>

p<Q/y>
p<1l/y>
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Degeneracies

a a<0/x> = a
d d a a<l/x> = a
D p<Q/y> = p
e 1
do ai p<l/y> = p
p
X

y substitution after weakening is identity,
otherwise pushes inside
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Higher-dimensional subst.

ap : (f : A > B) » ao =ar a1 f(ae) = f(a1)

Function f: A = B is a “e-functor”:
takes points to points, lines to lines,
sguares to squares, cubes to cubes, ...

Implement this by a fancy substitution
operation on openterms XA+~ u: B
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Higher-dimensional subst.

U:I'z: AI"Fu:B U:I'Fa: A
U, ' T|a/x| - ula/x| : Bla/z]

ula/x| = u
ula/z|[b/y] = ulb/y|lalb/y]/ ]
ula/z|(r/s) =u(r/s)la(r/s)/z
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Higher-dimensional subst.

g:wW:ArFRU:B
ydm,w:A~uU:B

ydim - a a




Higher-dimensional subst.

® ---------- > o
o;W:IAFUIB ula<@/y>/w]
ydim,w:A+u:B

ydim - a a ula/w]

y dim +~ u[a/w]
ula<l/y>/w]
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|1 types

U:I'- A : Type U:I'z: AF B : Type

U:I'-1Ix:A. B : Type

U:I'+ f:11x:A. B U:I'Fa: A
U;T' - app(f,a) : Bla/z]

. I'e: Aru:B
U:I' Arxw:112:A. B

f=Az.app(f,z)
app(Az.u,a) = ula/z] : Bla/x]
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(ITz:A. B)(r/s) =1l x:A(r/s). B(r/s)
(Az.u)(r/s) = Ax.u(r/s)

app(f,a){r/s) = app(f(r/s),a(r/s))

dimension subst applies “horizontally”

sdim;I'Fu: A WE7rdm
U I (r/s) Fu(r/s) : A(r/s)



Dimension hypothetical




Dimension hypothetical

XO uo

. u
sdm;X:Ar~u:B X | =-ceceen-- > | u
X1 U

“(xoX1X) : A — (Upu1.u) : B”




Dimension hypothetical

X0 Uo

' u
sdim;x: A+ u:B X | cmeemnae- > | u
X1 U-

“(XO,X1 ,X) - A (UO,U1,Q) - B”

“(xo.X1X) : A  (uo[Xxo] u1[x1].u[xox1x]) : B”




|dentity type

Heterogeneous identity type as primitive:

U, sdim;I'FA:Type Y;I'Fap: A(0/s) U;T'Faq: A(l/s)

U, '+ IdEZ](ao,al) : Type

Ao : Ao ar: A1
® °

[eNERED) A
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|dentity type

Heterogeneous identity type as primitive:

U, sdim;I'FA:Type Y;I'Fap: A(0/s) U;T'Faq: A(l/s)

U, '+ IdEZ](ao,al) : Type

Ao : Ao ar: A1
*———o

u: IdXa(ap,a1) A
— o

Ao A1
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|dentity type intro

U sdimiI'Fu: A u(0/s) =ag u(l/s)=a

U, I (s)u: Idﬁ](ao,al)

((s)u){r/s") = (s)(u(r/s’))




|dentity type elim

U:T'F u: Idi](a,b) U F rdim

U: ' - uQr: A(r/s)




|dentity type elim

U:I'-u: Idi](a, b)

U Frdm

U: ' - uQr: A(r/s)

(u@r")(r/s) = u(r/s)Qr'(r/s)
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U:T'F u: Idi](a,b) U F rdim

U: ' - uQr: A(r/s)

(u@r")(r/s) = u(r/s)Qr'(r/s)

({(s)u)Qr = u(r/s)




|dentity type elim

U, I wu: Idi](a,b) U rdim

U:I' = uQr: A(r/s)

(u@r")(r/s) = u(r/s)Qr'(r/s)

({s)u)Qr = u(r/s)
u = (s)(uQs)



|dentity type elim

[c.f. Stone-Harper singleton calculus]

W:l'-u: IdEZ,](CL(), al)
U I' - @0 = ag . A(0/s")

\I/; I'-wu: Id[jl](ao, al)
U I' - u@l = a4 . A(1/")
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Example: Funext

h: Mx:A.lds(f X, g X) - <s>\x.? : Idn:as(f,Q)

s dim; h: INx:A.lds(f X, g X) - \x.? :T1:A.B

\X.?<0/s> = f
WX.?<1/s> =g

s dim; h: INx:A.lds(f X, g X),x:A +— (h X)@s : B

(h x)@s)<0/s> = f(x)
(h x)@s)<1/s> = g(X)




Example: Funext

h : Mx:A.lds(f X, g X) - <s>\x.h(x) : Idn:as(f,Q)

s dim; h: MNx:A.lds(f X, g X) - \x.h(x)@s : [T:A.B

(\X.h(X)@s)<0/s> = f
(\X.h(X)@s)<1/s> =@

s dim; h: INx:A.lds(f X, g X),x:A +— (h X)@s : B

(h x)@s)<0/s> = f(x)
(h x)@s)<1/s> = g(X)




Circle

U:T F base : S!

WU = rdm
;T F loop, : S




Circle

U:T | base : S!

VU = rdim
;T F loop, : S

base(r/s) = base



Circle

U:T F base : S!

VU = rdim
;T F loop, : S

base(r/s) = base
loopr, <7“/8> — loopr/<r/8>



Circle

U:T F base : S!

W - rdim loop, = base
V:I' = loop, : St loop; = base

base(r/s) = base
loop,/(r/s) =100P,/(, /s



CIFC‘G U:T,z:S'+ A: Type
U:I'Hb: Abase/x]
U, sdim;I'-1: A[loop,/z|
U:I'F1{0/s) =b: Albase/x!
U:I'F1{1/s) =b: Albase/x|
U:TFau:St

;T SZA (b, s.0;u) : Alu/z]

elim

39



CIFC‘G U:T,z:S'+ A: Type
U:I'+b: Albase/x]
U, sdim;I'-1: A[loop,/z|
U:I'F1{0/s) =b: Albase/x!
U:I'F1{1/s) =b: Albase/x|
U;Tkw:S!

;T F SZA (b, s.l;u) : Alu/x]

ehm

SZA (b, s.l;base) =b

ehm

39



CIFC‘G U:T,z:S'+ A: Type
U;I'Fb: Abase/x]
U, sdim;I'-1: A[loop,/z|
U:I'F1{0/s) =b: Albase/x!
U:I'F1{1/s) =b: Albase/x|
U w: St

;T SZA (b, s.0;u) : Alu/z]

ehm

SZA (b, s.l;base) =b

ehm

Sehm(ba 3°l; loops’) = l<8//8>

39



INngredients

* Cubical operations
* Higher-dimensional substitution
* Types

* Kan filling

40




Kan filling

Vs, s1,...,8,dim and are distinct
U Frdimandr #s

U:I' - A: Type

U — SZ';F<8/SZ'> - t,f : A<6/Sz>

U —s;I'(e/r)Fb: A(r/s)

V(e i, jli # J) s t5(e/s5) =15 e/ si)
V(i,e) 1 t5(r{e/s;)/s) = b(e/s;i)

U, I - fillill,’t'”’sn;szr_”(b) . A



Kan filling

VIs,s1,...,8,dim and are distinct

U Frdimandr #s

;' A: Type

U — SZ';F<8/SZ'> - t,f . A<€/Sz>

U —s;Ie/r)Fb: A(r/s)

V(e, i, jli # 5) : t5{e/s5) =15 (e/s0)

\V’(i, 6) : tzajt <T<€/Si>/8> — b<€/8é> — tube dimensions

U, I fillill,f'—’—r”; %) A



Kan filling

VIs,s1,...,8,dim and are distinct

U Frdimandr #s

;' A: Type

U —s;;0(e/s;) Ft5: Ale/s;)

U —s;Ie/r)Fb: A(r/s)

V(e i, jli # §) : t5(e/s5) =15 (/i)

V(i, 8) : tzaj? <’r’<€/8i>/8> — b(&‘_/sg',\ — tube dimensions

U, I filli%‘m %) A

filling dimension



Kan filling

VIs,s1,...,8,dim and are distinct

U Frdimandr #s

;' A: Type

v — SZ';F<6/SZ'> - t,f . A<€/Sz>

U —s;Ie/r)Fb: A(r/s)

V(e i, jli # 5) : t5{e/55) =15 (/)

V(i, 8) : tza;: (r<5/3i>/3> — b(s/sg',\ — tube dimensions

-
. ..Sn SiT—
U T F£111577™% %A
- transverse face you have
filling dimension



v
'
v
v
v

' A : Type

Kan filling

s,S81,...,8, dim and are distin
—rdimand r # s

— s 1(e/s) b t57Ale/ si)
—s;{e/r) Fb: A(r/s)

V(e,i,j)i # j) : t5(e/s;) =15 (/si)

V(i,e) : t5(r(e/si)/s) = ble/s;)

sides of tube

— tube dimensions

U, T H fillSA{Z"’Sn?S‘%A

transverse face you have

filling dimension




Kan filling

sides of tube

VvIs, s1,...,8,dim and are distin
U Frdimandr #s
;' A: Type
\I’—Si;r<€/8i>|—tf. '
U —s;I'(e/r) - b:“A(r/s)
V(e i, jli # ) : t5(e/s5) =45 (e/si)

V(’i, 6) : tf(T‘(&‘/Sz‘)/S) — b(a/s,,;,\ — tube dimensions

tfransverse face

—
. ..Sn SiT—
U T F£111°577™% T'\'@tA
- transverse face you have
filling dimension




Kan filling

sides of tube

VvIs, s1,...,8,dim and are distin
U Frdimandr #s
;' A: Type
\I’—Si;r<€/8i>|—tf. '
U —s;I'(e/r) - b:“A(r/s)
Ve, i, jli # 7) : t5(e/s5) =15 (e/si)

V(’i, 6) : tf(T‘(&‘/Sz‘)/S) — b(a/s,,;,\ — tube dimensions

tfransverse face

adjacent-
compatible

—
. ..Sn SiT—
U T F£111°577™% T'\'@tA
- transverse face you have
filling dimension




Kan filling

sides of tube

VvIs, s1,...,8,dim and are distin
U Frdimandr #s
;' A: Type
\I’—SZ’;F<€/SZ°> th . '
U —s;I'(e/r) - b:“A(r/s)

Coo : / tube-fitting
V(e,i,jli # j) : t5(e/s;) ZtdetsiT

V(’i, 5) : tf <T‘<€/Sz‘>/s> = b<6_/8,,;> — tube dimensions

tfransverse face

adjacent-
compatible

—
. ..Sn SiT—
U T F£111°577™% T'\'@tA
- transverse face you have
filling dimension




Kan filling

Utk s, s1,...,8,dim and are distinct
U Frdimand r # s

U: '+ A : Type

U — s 0(e/s;) F 152 Ale/s;)

U —s;T{e/r)Fb: A(r/s)

V(e, i, 5|t # j) 1 t5(e/sj) = t;l(s/sz-)
V(i,€) : ti(r{c/si)/s) = ble/si)

U: T+ fillf;,z"’sn;s"”“”(b) A

tube: empty
filling dimension: x
transverse side: r= 0

42




Kan filling

fillax:2*(b)
b

Uks, 81,..., sp dim and are distinct
U rdimand r # s

U: '+ A : Type

U — s 0(e/s;) F 152 Ale/s;)

U —s;T{e/r)Fb: A(r/s)

V(e, i, 5|t # j) 1 t5(e/sj) = t;l(s/si)
V(i,e) = t5(r{e/si)/s) = ble/s;)

U: T+ fillf;,z"’sn;s"”“*'(b) A

tube: empty
filling dimension: x
transverse side: r= 0

42




Kan filling

fillax:2*(b)
b

42

Uks, s1,..., sn dim and are distinct
U Frdimand r # s

U: ' A: Type

U —si;1(e/s3) - 15 : Ale/si)

U —s;(e/r)-b: A(r/s)

V(e i, jli # 5) : t5(e/s5) =15 (e/5:)
V(i,e) = t5(r{e/si)/s) = ble/s;)

U: T+ fillf;,z“’sn;s""“*'(b) A

tube: empty
filling dimension: x
transverse side: r= 0

tube: empty
filling dimension: X
transverse side: r= 1



Kan filling

fillax:2*(b)
b

fillax-1>*(b)
b

42

Uks, s1,..., sn dim and are distinct
U Frdimand r # s

U: ' A: Type

U —si;1(e/s3) - 15 : Ale/si)

U —s;(e/r)-b: A(r/s)

V(e i, jli # 5) : t5(e/s5) =15 (e/5:)
V(i,e) = t5(r{e/si)/s) = ble/s;)

U: T+ fillf;,z“’sn;s""“*'(b) A

tube: empty
filling dimension: x
transverse side: r= 0

tube: empty
filling dimension: X
transverse side: r= 1



Kan filling

tube dimension: y
filling dimension: x
transverse side: 0

vt s, s1,...,8, dim and are distinct
U Frdimandr#s

U: '+ A: Type

U — Si;F<8/8i> - t,f : A(&’:‘/SZ>

U —gs;T(e/r)Fb: Alr/s) |
V(e i, 7]t # j) : ti(e/s5) =15 (¢/51)
V(i,e) : t:(r{e/si)/s) = ble/s;)

;T £1115 %577 (b) : A

'F-i.-I.-I.A;tyl,tyQY;X:Q_).Cb)

43



Kan filling

£.,0 vt s, s1,...,8, dim and are distinct
— ) 5 U Frdimand r # s

U: ' A: Type

. A(r/s)
V(e,d,jli # 5) : t5(e/55) =15 (e/54)
V(i,e) : t:(r{e/si)/s) = ble/s;)

L —
t,! ;T £111577 %70 (b) : A
tube dimension: y filla;ty1,tyeY:*:2>%(b)

filling dimension: x
transverse side: O

43




Kan filling

£.,0 ¥t s, s1,...,8, dim and are distinct
— ) 5 U Frdimand r # s
U: ' A: Type
<V — 5451 (e/si) = 17 Ale] 5=
b W —s;D{e/r) Fb: Alr/s) =

V(e,i,4li # 5) : t5{e/55) =15 (/54)
V(i,e) : t:(r{e/si)/s) = ble/s;)

—_— —
t,! ;T £111577 %70 (b) : A
tube dimension: y filla;ty1,tyeY:*:2>%(b)

filling dimension: x
transverse side: O

43




Kan filling

£.,0 vt s, s1,...,8, dim and are distinct
Y U Frdimand r # s

U: ' A: Type
<V — i1 (e/si) "t Ale]5=
b L/ T 5: Alr/s] >

t,! ;T £111577%77%(b) : A

tube dimension: y filla;ty1,tyeY:*:2>%(b)
filling dimension: x
transverse side: O

43




Kan filling

£.,0 vt s, s1,...,8, dim and are distinct
Y U Frdimand r # s

U: ' A: Type
WEW>

=5 (/) F 0 AT /5

t,! ;T £111577%77%(b) : A

tube dimension: y filla;ty1,tyeY:*:2>%(b)
filling dimension: x
transverse side: O

43




Kan filling

t,9

tyt

tube dimension: y
filling dimension: x
transverse side: 1

vt s, s1,...,8, dim and are distinct
U Frdimandr#s

U: ' A: Type

U —s;;0(e/s;) F 51 Ale/s;)

U —gs;T(e/r)Fb: Alr/s)

V(e i, jli # j) : t5(e/s;) =15 (e/s4)
V(i,e) : t:(r{e/si)/s) = ble/s;)

;T £111577 %70 (b) : A

fillA;tyl,tyQY;leé.(b)

44




Kan filling

+.,0 vt s, s1,...,8, dim and are distinct
4 U Frdimand r # s
U: ' A: Type

< —5;;1(e/ss) = t; - A{E/5>
U —s:I'(e/r)

(e/r) = b: Alr/s) =
t€(e/s;) = t¢

;T £111577%77%(b) : A

tube dimension: y Fillasey1 e 120(b)
filling dimension: x
transverse side: 1

44




Kan filling

£.0 vt s, s1,...,8, dim and are distinct
Y U b rdimand r # s
U: ' A: Type
U —s;;(e/si) 15 0 Ale/sq)
b U —s;T(e/ry-b: A{r/s)
V(e i, jli # j) : t5(e/s;) =15 (e/s4)
V(i,e) : t:(r{e/si)/s) = ble/s;)

£yt U: T+ fillf;,z“’sn;s"’"*(b) A

tube dimension: y
filling dimension: x
transverse side: vy

45




Kan filling

vt s, s1,...,8, dim and are distinct
U Frdimand r # s

U: ' A: Type
wmlﬂmam>
b anmm»

t,9

£yt ;T £111577%77%(b) : A

tube dimension: y filla;ty1,tyeY *Y>*(b)
filling dimension: x
transverse side: vy

45




Kan filling

X

tube dimensions: X,z
filling dimension: y
transverse side: 1

UtFs, s1,...,8,dim and are distinct
Ukrdimandr #s

U;I'F A : Type

U —s;;1(e/si) 15 0 Ale/sq)

U —s;T(e/r)Fb: Alr/s)

V(e,i, jli # 7) : t5(e/s;) =15 (e/s:)
V(i,e) s t;(r{e/si)/s) = ble/si)

U: T+ fillf;”t'"’sn;s""*(b) c A

46




Kan filling

X

tube dimensions: X,z
filling dimension: y
transverse side: 1

Uhks 81,..., sp dim and are distinct
Ukrdimandr #s

U;I'F A : Type

U —s;;1(e/si) 15 0 Ale/sq)
U — s: ho A

U: T+ fillf;”t'"’sn;s""*(b) c A

46




Kan filling

X

tube dimensions: X,z
filling dimension: y
transverse side: 1

Uhks 81,..., sp dim and are distinct
Ukrdimandr #s

U; '+ A: Type

U —s;;1(e/si) 15 0 Ale/sq)

U: T+ fillf;’;"’sn;s"""'(b) c A

46




Kan filling

X

tube dimensions: X,z
filling dimension: y
transverse side: 1

Uhks 81,..., sp dim and are distinct
U rdimand r # s
U;I'F A : Type

v — 8¢;F<€/8i> A A(&‘/Sz‘)
U — s: ho A

U: T+ fillsAl”t""S";S:T_"(b) A

46




Generalized open boxes

Z

=

tube dimensions: X
filling dimension: y
transverse side: 1




Generalized open boxes

Z

=

tube dimensions: X
filling dimension: y
transverse side: 1




Generalized open boxes

Fi11a:25Y:12%(b)

e X,Y,<Z A

Z

y tube dimensions: x
N filling dimension: y

transverse side: 1




Kan composition

Filling “comes with” missing faces/diagonals:

0
ty
—

tube dimension: y
filling dimension: x
transverse side: 0

48




Kan composition

Filling “comes with” missing faces/diagonals:

fillA;tyl,tyQY;X:yé.(bD

t,9

tube dimension: y
filling dimension: x
transverse side: 0

48




Kan composition

Filling “comes with” missing faces/diagonals:

fillA;tyl,tyQY;X:yé.(bD

t,9

'F-i.-I.-I.A;ty]_,tyQy;X:y_).(b) <1/X>

tube dimension: y
filling dimension: x
transverse side: 0

48




Kan composition

Filling “comes with” missing faces/diagonals:

fillA;tyl,tyQY;X:yé.(bD

t,9

'F-i.-I.-I.A;ty]_,tyQy;X:y_).(b) <1/X>

tube dimension: y
filling dimension: x
transverse side: 0

48




Kan composition

Filling “comes with” missing faces/diagonals:

fillA;tyl,tyQY;X:yé.(bD

t,9

CO€A;ty1, tye’ s *¥>1(b)

—

fillA;tyl,tyQY;X:yé.Cb) <1/X>

tube dimension: y
filling dimension: x
transverse side: 0

48




Boundary eqguations

(£12155 "7 (b)) (e/50) = ¢
(f111f41lt S ST ()Y (r/s) = b
(£i11,; ™™ ST_%'(b))(r’/s) = coe, ;"™ s (b)




Uniformity

(filliﬂ,’é’"’sn; S:T—>e (b)){ro/so) = fillj’;ll(’?'ﬂ'o'’/*‘>’8'r(z,);>:S;Z:/'SO> (b{ro/s0))

(something missing for substitutions
involving tube/filling dimensions)

50



Composition in |0

ad

a0

— {35 coe
< TL+1> A)(ti‘:@sn—l-l )a'Oaa'l)

(0Q@Qsp11)

51




Composition in [

S14ee4y8Sn ;s S:Ts—T¢ p—
CoeHa):ABaé (b)

L S wrg(e/siy—e, . (@PP(D, coel" 7" (a)))

Aa.coe” i
B[£i11, (a)/ar;],app(tf,fi11A<€/Si> (a))

52




Homogeneous |d type

refla(a):= (s)a

:0—1
transport g (p; u) == coe, oz sas) (D)

singleton contractibility:

St s2:0—1 S1; so2:0—e

)\:L‘,p.(31>(coeA,(a’p@SZ)(a), <82>fillA,(a,,p@32)(a))




1he hard part
£l A Be ()

uas(A, B, (u, . ..))

: ersSp ) SIT—>@
fllli;S(A,B,u),g (b)

£ ill%i;'e';f”; ST (b)



1T hanks!




