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Goal
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HoTT as a programming language:
1.Type system
2.Decidable definitional equality on open terms
3.Operational semantics on closed terms

satisfying preservation, canonicity for nat
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Kan condition:
any n-dimensional 
open box has a lid, 
and an inside
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Computation
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Bezem,Coquand,Huber, 2013 gave a 
constructive model of type theory
in Kan cubical sets; evaluator based on this

Today: a type theoretic paraphrase of
these ideas

[Coquand,Huber,Bezem,Barras,
 Brunerie,Licata,Harper,Shulman,
 Altenkirch,Kaposi,Polonsky…]
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Boundaries-as-terms or boundaries-as-types

[Altenkirch&Kaposi,Polonsky]

Parametrized judgement or internal inductive step

Cubical operations meta-operation or not

u:SquareA u:SquareA l t b r

u :n A u ~A v

substitution explicit 
substitution



A Cubical Type Theory
(∞-Dimensional,

Boundaries-as-Terms,
Explicit Cubical Operations)
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Dimensions as names
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n-dimensional cube has n dimension names free

α-equivalence: make {x,...}-cube into {x’,...}-cube

Substitution of 0 or 1: faces

Weakening: degeneracy/reflexivity

Exchange: symmetry

Contraction: diagonal

[Coquand,Pitts]

Properties are cubical identities



Dimensions as pronouns
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Higher-dimensional subst.

∅; w : A ⊢ u : B

y dim ⊢ a u[a/w]a

u[a<0/y>/w]

u[a<1/y>/w]
y dim ⊢ u[a/w]

u

y dim; w : A ⊢ u : B
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dimension subst applies “horizontally”
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Heterogeneous identity type as primitive:

a0:A0 a1:A1

A0 A1

A Id[x]A(a0,a1)u :
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Identity type elim
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[c.f. Stone-Harper singleton calculus]
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s dim; h : Πx:A.IdB(f x, g x) ⊢ \x.?  : Π:A.B

s dim; h : Πx:A.IdB(f x, g x),x:A ⊢ (h x)@s  : B

h : Πx:A.IdB(f x, g x) ⊢ <s>\x.?  : IdΠ:A.B(f,g)
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Example: Funext

37

s dim; h : Πx:A.IdB(f x, g x) ⊢ \x.?  : Π:A.B

s dim; h : Πx:A.IdB(f x, g x),x:A ⊢ (h x)@s  : B
((h x)@s)<0/s> ≡ f(x)
((h x)@s)<1/s> ≡ g(x)

h : Πx:A.IdB(f x, g x) ⊢ <s>\x.?  : IdΠ:A.B(f,g)

\x.?<0/s> ≡ f
\x.?<1/s> ≡ g



Example: Funext

37

s dim; h : Πx:A.IdB(f x, g x),x:A ⊢ (h x)@s  : B
((h x)@s)<0/s> ≡ f(x)
((h x)@s)<1/s> ≡ g(x)

h : Πx:A.IdB(f x, g x) ⊢ <s>\x.h(x)  : IdΠ:A.B(f,g)

s dim; h : Πx:A.IdB(f x, g x) ⊢ \x.h(x)@s  : Π:A.B
(\x.h(x)@s)<0/s> ≡ f
(\x.h(x)@s)<1/s> ≡ g
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Ingredients
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Cubical operations

Higher-dimensional substitution

Types

Kan filling
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Kan filling

tube dimensions

filling dimension

sides of tube

transverse face

adjacent-
compatible

transverse face you have

tube-fitting
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Kan filling

b

tube: empty
filling dimension: x
transverse side: r = 0



42

Kan filling

b

tube: empty
filling dimension: x
transverse side: r = 0

fillAx:0%•(b)



42

Kan filling

b

tube: empty
filling dimension: x
transverse side: r = 0
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Kan filling

b

tube: empty
filling dimension: x
transverse side: r = 0

fillAx:0%•(b)

b

tube: empty
filling dimension: x
transverse side: r = 1

fillAx:1%•(b)
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Kan filling

tube dimension: y
filling dimension: x
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fillA;ty1,ty0y;x:0%•(b)
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Kan filling
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Kan filling
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Kan filling
ty0

b

ty1

tube dimension: y
filling dimension: x
transverse side: 0

fillA;ty1,ty0y;x:0%•(b)
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Kan filling
ty0

b

ty1

tube dimension: y
filling dimension: x
transverse side: 1

fillA;ty1,ty0y;x:1%•(b)
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Kan filling
ty0

b

ty1

tube dimension: y
filling dimension: x
transverse side: 1

fillA;ty1,ty0y;x:1%•(b)
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Kan filling
ty0

b

ty1

tube dimension: y
filling dimension: x
transverse side: y
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Kan filling
ty0

b

ty1

tube dimension: y
filling dimension: x
transverse side: y

fillA;ty1,ty0y;x:y%•(b)
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Kan filling

tube dimensions: x,z
filling dimension: y
transverse side: 1

x

y
z
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Kan filling

tube dimensions: x,z
filling dimension: y
transverse side: 1
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y
z
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Kan filling
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Kan filling

tube dimensions: x,z
filling dimension: y
transverse side: 1

x

y
z
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Generalized open boxes

tube dimensions: x
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Generalized open boxes

tube dimensions: x
filling dimension: y
transverse side: 1x

y
z

fillA;tx;y:1%•(b)
:x,y,z A
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Kan composition
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ty1 tube dimension: y
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Kan composition

ty0

b

ty1 tube dimension: y
filling dimension: x
transverse side: 0

fillA;ty1,ty0y;x:y%•(b) <1/x>fill<y/x>
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Filling “comes with” missing faces/diagonals:
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Kan composition

ty0

b

ty1 tube dimension: y
filling dimension: x
transverse side: 0

fillA;ty1,ty0y;x:y%•(b) <1/x>fill<y/x>

fillA;ty1,ty0y;x:y%•(b)

Filling “comes with” missing faces/diagonals:

coeA;ty1,ty0y;x:y%1(b){
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Boundary equations

ty0

b

ty1
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Uniformity

(something missing for substitutions 
involving tube/filling dimensions)



Composition in Id
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Composition in Π
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Homogeneous Id type
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singleton contractibility:



The hard part
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Thanks!
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