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Becobicaldirected type theory
· variant of Riehl-Shulman simplicia
type theory

·

simplices -> "Dedekind" cubes
·
Weaver-L

.
2020 : directedunivalent

universe of covariant fibrations (Ulor)
Using ideas from

cubical type theory
Cavallo-Riehl-Satter

Cogrand-Ruch-Sattte



Cooltt : proof assistant for
cubical

-

type theory by Cmo/UMN Sites

Favonia
, Sterling , Angiuli, Mullanix, Cavallo,Harper,...
-

rected cut :
-

directed interval (2) + cofibs (Weaver, Mullanix)

simpler extension types (Weaver's thesis)

plan for UCov , Vinnen, UCart, ... (Weaver's
thesis

directed circle HIT (Lepeska-True ,Weaver

cofibration entailment with : (Rose, Plonte)
r=r

encode-decode for DHITS (Akubilo,Rose)



#HET
F : type
O :I

1 : I

Seg : Hom= 10, 1) E Th :Az
+I

issegul(E)
Th : Cof, t

: 2+-, [Azth].
compi #i, A2 . IAzliss -higi
Ikan too) = C -+ t(ijj)]
Frec: #(x : Type) (sX : 1SSegal x)

(2 :x) (o : x) (s : Homx (2 ,0)
- (I+ x)

F-elim : T(x: Type) (iX : isInne= X



Init : Tx :I . me
Cou ->inne

init (0) = Id : Hom(0, 0)

init (1) = Seg : Hom10, 1)
6

init (seg) = ]ij. seg(ing)
-

Homom( (id ,geg) Eidegi
Seg(i)



Code :I+KlouJsegal
Code 0 = Void
Codel = Unit

Code (seg) = for-to-our ( !) : Homoco (Void, Unit

er : TTX :I · Hom(ix) -+ Code (x)
enexf = Stransport

Codef <

dec : TF . Code(x)+ Hm(1,x)] inner
Cou

dec 0 = x()

dec1 = 1 .

id
- Voi,d

Hom (1
, 1) code( Hom(1,0)

->

deseg .......... [ ↓ "I->
Code( Hom(1 ,1)



#x :I, hi Hom (1, 4) ·
=Home deck)#
-

COV

By dependent youedr,
soffices to show

18
Hom(

, 1)
& (dec :6)



A A+Bi
Trickier ⑥
HomAt(pg) = Code (p, g) [follows from

tininess ofD]

(A+B)
*x(A+B)+ UCov] Should A

. B need
to be closed

Code :A+B)- x (A+ B) +> Type crisp ?

Code (in)x , inly) = Homa (x , g) NtAtype
-

Code(inrx , invy) = Hamp(x ,y)
pop + APP type

code(-1 -) = +
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a types+(functions
Book HoTT

Cubical E

#ory



A type in an 60 ,2)-category
--

O-cells
- o

-

I-cells aD

&
not

necessarily
f

2-cells symmetric
- ·

a b

g

3-cells
-

2= 3 symmetric
i 7 paths

/
-



#cells Ida fig... g Ida;f
= f = fjid)

a a

-

I fighig
2-cell

identity horizontal

2-cells
f compos

a

f

composites

-niceGob ⑪ G
a -

f ↳ VB 2
-

h h I

[ : f=g 2 : f= h

Id : fef Big = n Big=
2 . B : = h
-

fighji

(various laws up to paths)



Background:

100, 1) - categories



Simplex category A

↳objectsms 503
, So,13

,
50, 1

, 23,...
are

order-preserving functions

full[ subcategory of cut on free categoriesgenerated by diagrams-

8
2 I· -Do -D0-18 ---- -D

[0] ·

-

↳ 6- -

-



functor

&

Simplicial Set X : D
%
-> Sets

-

X(COD) points ·O

X(D) morphisms ·+ob

X(() composites his fig
T

X (13) associative

i
↑



1000-category : ucoupleet
Identify those
represent an oo-groupoid using
a filling problem :

horn"can be filled

+gmM If +*-> o

f
f
-

f

So I-cells represent paths



&- category in grasicategory
I-cells represent morphisms

Inner horn can be filled

+g

7
mMBhard *-> o

to
f -

make

inta -
theory X X



100, 1) - category := bisimplicial set
--

paths morphisms

Sets Doy Dop = (SetsD)-Spaces Doo
· path interval It

:=Y(, (0])

· morphism interval D := y(3, (3)

· Kon w .
r

.

t. paths -> "contractable"
-

- "equivalence"
⑨ &

Segal condition for morphism composition
· Rezk condition relates paths
to iso-morphisms



Simplicialtype theory
Shulman]

↑

· "Book HOTT"
· morphism interval R

⑧
carve out the categories
(Segal/Rezk) by formulas



Interval they for simplices [ Rieht,Shulman]

Prestype D (i-

terms 0, 1 : D (D)
Kopelebration forma

X D
, y

:d xzy cofib (
↳ isa

total order louded by 0, 1

-



Segal Idea: A : Type is segul
Iff an n-simplex in A is

determined by its spire
-

Cup to paths)
C C

I G↑ Ne
a

F
b

a

F
b

(2+A) ↳ Ea,
b
, c : A

I
Definition

Hom (a
,b) in [RS]

X Hom (b
, c)



next level :

h

&· -7s
g

C

-



IntervalTheory For

(02)-categories



#fold segal spacerichtell
#I Pathp(a,b)

Lorie]

Dh I Cell (a
,b) :"

.AG]A

Dv 2Cella (a ,
b
, f,g) T :By:D

A[x+i ,

X =0- ide

y=0 -> f

· y= 1 ->
g
I

↳ ·g



~Froblem : D -A is extra data

that shouldn't be there

⑯ f ⑭ f
-> ->

I d ↓ a bi~
V

J J
Solution 1 :
-

Con impose a discreteness condition

to avoid them

but not preserved by A -> B



[JoyalJets x GopSolution2 : 02-spaces #
- RezR] Icel,a

change the shapes of the index

category to avoid unwanted data

O2 full subcategory of Strict 2-Cat
On free 2-cuts generated by

pasting diagrams
·↓

.-
~

-

-> - ① ------Lis · t- ↳

m[ 4, n2- ... .. m]



0[] ·

1[0] o- 6

2[0 ,0] o->-

1[1] -↓
4·

1[2] ·
I

2[1 , 1]#-↳



0[] ·

1[0] o- 6

2[0 ,0] o->-

M1111119

1[1] -↓
4·

12] ·

2[1
, 1]· nun

↳
-



tervalTheory for O2
horizontal interval as in simplicial type theory

h
R pretype
0, 1 : Dh

X,yoD"#x1 y cofib] bounded total order



verticalinterval as a dependent type
X : D"tDV(x) pretype
X : 2n +o : DY(x)
X : 2n + N : DV(x)

X : D"
,
a :DV(X)

,
b : RV() - a Inb cof, b

u
bounded total order

a :2 (0)
,
b : (0) + a= b true

a : (1)
,
b : D (1) aEb true



Idea:
X : Du column of the pasting

diagrom
#order of the columns
-

i : DV(x) 2cell in column X

jorder of 2-cells in column



⑧ OCC ⑧

--

1[0] Xi ph

·↓
- [I] X : Rh

,
i : RV(x)

· - 2100] X :D y :Dyexy=0

·
c .

->

< 1[2] X :D i :(x), j :DY(x), jai



3 [2
S
g

J 17
·In
-> ·#

:

-
↳

hX:Dh y :/ y = X , z :D - z7y Ci : RY*),
j : R(x),

le : DV(2)

jki)



#lates = 1: R(0)
= 1:R (p)

0 -> 14]
O ·- · (0

, 07 : xiD
,
iDV(x

11)
Y

i

-
III

O -↓ of (p
, 1) : XiDc Dv(x)-



190] -> 14]
o-0 -↓ X : Dh + (X , 0) : XiBY↳

i : 2"(x)

190] -> 14]
o-0 -↓ X : Dh + (X , ) : X :DY↳

i : 2"(x)



1[17 -2[41]
-↓ #-

X : D

2:R
,
R :DY(z) + (2, k ,

2
,
k)

i:
: Y

: D
Sjoarces)k, 0! ) I

HD! 2, k)
Y -X



n-ory Segal motions
-



[Rezk,
(00 , 1) - cats : A is segul iff Bergner]

&-A) 1 (A+A) (+A) x0 -

-

n-Simplex n composable
1- cells

100,2) - cats : A is seguliff
-includesL

( all(m(n , ... nm] +A composites)

= cells of the posting diagram
in A



Can be decomposed into horizontal and vertical

Horizontal : (m[n....an] ->A) Seanupcolumns

= (l[n ,] +A)X . (1(n2]+A)X... ..

(-2 .g. A)
-(A) . (+1)

G
B

!)=B(0!)



Vertical : Evenup one
column

-

1[n] -> A
= ((3+A)x -(12)+A)x....

e .g. E +A)
= +A +(+A)

a &

(x, 1)= B(x,0)



#Simple can the Segal condition be

For60
, 1)-categories :

A is binary Segulsis]
A2 A↓ ↳ J doesnt

A has post-whiskering
↳ I worksa

A is n-ory Segal
n

-Spine



Working internal longuage #- -

-

Sets
o 0
,
p

I topos
-

a Orton-Pitts
-

BA
Contractible : Type -> Type ↓" J

#
Contractible(A) := TTB : Cof

. #p : (>A) · A [B+p]

Fill : (X : Type) (2 : X+ Cof) (Ai Type)->Type

Fill X 2 Ai= X .
>A

#T (h : x : X . <(x)->A)
.
D

Contractible :Y . A(2x+ hi](



D : Not -> pretype

&XiD , x2 :D
, X2[Xs ... ... Xn : D

, XnEXn-

Mutual
Do = Unit

D(n+ 1) = ES : A(n) . 3Xn+:D
. Xn+1 E least(5)

least : In :Nat) · A(n) + I

least 0 * 1

least (n+1) (-
> Yn+ = Xn+ 1



C .% .

A(1) = [x : D(o)
. [x: D . X Leet(4)-

E Unit =
= D

A(z) = [xiD
. Exp : D

. x2 <least( (*, *)
=X

/



Spire :#In : Nott
.
A(n) -> Cof

spire (4) = y =0 vX = 1
-> - ->

-

X
, y, y X

(y =01z=0)Spire)[( =z=0)

↑s X, y , gEx,n ,zy V(ny
= 1)

= (y=0 vx=1)n(z=0
-

v(y = 1)



Spire 0 X = T

Spine (n+1) (S
, xn+) =#(Spire (n) n(Xn+ 1 =d) v (least(s)= 1(

E
.g.
Spine 2(k, x ,y) = ((Spire (x)n( =d) vx= 1

Spire 1 (x, x) = ((Spire 0*)n (=0) ~ 1= 1

= T

Spine 3 (*
, x,y,2) = (Spire((x,y)nz=0)Vy= 1



12
A is binary Segal = Fill A2 Ae Aly
A is navy Segal

:= ThiNat

Fill A(n) Spinela) A

A has post-whiskering :
#n : Nat . Fill Alnt) (8

, Xn+1=Ove)=D) A
Xn

↑XnE-> Xn- = ) +
... - -Xp = 1

E Xn+ =0



ThesIf has post-whishering
isnony Segal

1
.
T->A

Induction onn . O-spire iS trivial .
For n+ 1 (intuition) :

= - ↑post- ausX whisbeing H
A n-Simplex -Yin

A



Wow,
for G2 :

Nearly!
m+ 1 [n, nm+) = 3/Sim [n], Xm+1:DN AmiD xym+X

#Naphy----
>
UniD)

, unti

An(X = ES: Dn() . Ein+: DV(x) · in+ E least (5)+

Do = Unit



3 [2
S
g

J 17
·In
-> ·#

:

-
↳

hX:Dh y :/ y = X , z :D - z7y Ci : RY*),
j : R(x),

le : DV(2)

jki)



Define the horizontal spire as before :

ItSpire : Im : Nat
,
n : Vec nat m ->m[n] + Cof

Itspire 0 x x = T#H Spire (m+1) in, nm +1) (5, xm+10) =

(ISpire mifn(Xm+ =0)v Xm = 1

·Morally m[n , ... nm] s sping is

1[n] +o 1(12] to 1 (n3] to ... - to 194m]



Meemma To
- t
A has horizontal post-whiskering
#m :Nat

. In : Vec Nat(n+ 1)

Fill (m+ [e]) (SXm+Em+ o Nm + 1 =0) A(v(m = 1)
implies

A has horizontal spire fillers :=

Imi Nat.
Th : Vec Not (m +1) ·

Fill (m[n]) (ASpiremn) A

Aof some as before .



takethis to be definition of Segal

A has horizontal post-whiskering :
Inm+ 1

#m :Nat
. In : Vec Nat (n+ 1) &↳m ...nm]

(m + 1 =0)Fill (m+e]) (SXm+Em+·
v(m = 1) A

Pos only composing 2 things
Coni base is m-dimensional

,
so type theory-

needs shapes dependent on a native
(cofibrant exo-nat



#Simple can the Segal condition be

For60
, 1)-categories :

A is binary Segulsis]
A2 A↓ ↳ J doesnt

A has post-whiskering
↳ I worksa

A is n-ory Segal
n

-Spine



Fo, 1)- cats , binary Segal suffices
Fill D2Ae A - A has post-whiskering
# #
&Retraction:

-I A
2 .g . n=3W ↓

2 z=ovy=
f

D2 * Az & As
(X
,y) , (y , z) - x

, y , yax , 2
, zzy

(a , b) , (2) -> (avc
, brc d)J

ba d4L ↳



Doesn't seem to be "connection"

1[m] x1[n]-> 19 ?(m,n)]

3.



VoticalSegal condition

Define VSpine MniNut. 1(n] -> Cof

Vspire (x:R S
,
i :R(x)

= (VSpiren(x ,5) ni =0)~ (leastv(s)= 1)



A has vertical post-whiskering :

In
.
Fill (In+]) (x, (8, %) .

i =0 ~lest(s)= 1)

Implies
A has vertical spire filles :

Tr
.
Fill (1[n]) (Vspiren) A



So define A is 2-segal :=

A has horizontal

and vertical post-whiskering
↓
withspacecomposites



Directions
· O-

3
X :D'
,
i : D2(x), B: R3(x, i)

· Rezk conditions

Pathicella
,b)
(f,g) = Isoli cell (f, g)

Pathy (a,b) => Egriv(Cell (a, b)

· If A is on 100+2) - lat ther

HomA(x ,e) is an 100 , 1) -cat Dates(f)(
[Not 2"-A?]


