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Structural Rules

Weaken [ - B
eakenin
ns FxAH- B
[,y:B,x:A B
Exchange
[ X:A,y:B+C
[, X:A,V:A - B

Contraction
[ XA+ B



A Pattern

* Operation on contexts [, with explicit or
admissible structural properties

* Type constructor that “internalizes” the context
operation, inherits the structural properties
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Structural Properties

[ -A AFB [V ABHC
[, A-A®B [LA®B - C

[o=LA THFA ArB LABARCG

[o- A® B [ ARB,A + C



Structural Properties

[ -A AFB [LAB =G
[, A-A®B [LA®B - C

o=l A TA A-B TABAFC

\ oA ® B FA®B.A - C

lists up to permutation:
exchange, not weakening and contraction



lype Inherits properties

AB=BA BB ArA
ABHB®A
AB B ® A




Bunched Implication

AAB: A and B hold for the same resource

A=B: A and B hold for separate parts
of the resource

[0’Hearn&Pym]



Bunched Implication

AAB: A and B hold for the same resource

A=B: A and B hold for separate parts
of the resource

AA(B=+C) = (AAB)+(AAC)

[0’Hearn&Pym]
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Bunched Implication

(a:A,b:B);(c:C,(d:D;e:E)) - F
/ ; \ L
a{ EB / / \

d:D e:E



Bunched Implication

[o=TA THA ARFB [[A;B] — C

[o—-AAB [[AAB] +— C
[o=LA THFA ARB [TA,B] = C

o A « B [A«B] - C



Bunched Implication

[o=IA THA ARB [TA;B] -+ C

[o—-AAB [[AAB] +— C
[o=A THFA ARB [TA,B] = C

[0 A =« B [[A«B] — C

|
,and ; are

commutative
monoids
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Bunched Implication

[o=IA THA ARB [TA;B] -+ C

o A A B [TAAB] + C
[o=A THFA ARB [TA,B] = C
o A « B [AB] = C
, and : are. : has weakening and contraction
commutative doesn't

monoids
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| Inear Logic Exponentials

[ - A [A: A+ C
[ - 1A [ AA R C

\ rA; AA - C

exchange r, A; A - C




LInear Logic Exponentials

[ - A [A: A+ C
[ AAFC

M 1A
/ \ rA:AALC

plus weakening,

contraction exchange [ A;: A C




Pfenning-Davies S4

[; - A

A

A

VA, AL OARC

[ A OA = C

[LA; AAA-C
LA, A -G




Pfenning-Davies S4

[; - A

[, A —-OA

/

both cartesian

LA A,

Ar C

[ A,

Ar C

LA, AAA-C

LA, A -G



Adjoint logic

liInear

cartesian

[Benton&Wadler]



Adjoint logic A#=FClA@B]..
C:=UA|CxD]...

liInear

cartesian

[Benton&Wadler]



A =FC|A®B]..
Agjoint logic oo UAICKD] .

liInear

< > - +~,FC
[ C:AH,B

cartesian
[ A,FCH,B

[Benton&Wadler]



Adjoint logic 4 =FClA®@B]..
C:=UA|[CxD|..

liInear

< > - +~,FC [ . UA
[ C:A—-,B T[@'AA+,B

cartesian
-AFCHB [lUAA~,B

[Benton&Wadler]



Adjoint logic 4 =FClA®@B]..
C:=UA|[CxD|..

liInear

< > - +~,FC [ . UA
[ C:A—-,B T[@'AA+,B

cartesian
-AFCHB [lUAA~,B
IA:=FU A

[Benton&Wadler]



Adjoint logic

truth

[, A
< )U [ :AHFC [, UA
[ C:A—,B T[:AA+,B

validit
y [-AFCHB [LUAA,B

A:=FUA

[Reed]



Structural Properties

:FC®FDHK,F(CxD)



Structural Properties

~FC,FD+~,F(C x D)

:FC®FDHK,F(CxD)



Structural Properties

C:FD+—F(C xD)

~FC,FD+~,F(C x D)

:FC®FDHK,F(CxD)



Structural Properties

C,D, gF(CXD)

C:FDI,

x D)
x D)

F (C
(C

;FC®FD ~F (C x D)



rties
ral Prope

Ctu

Stru
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D .
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Structural Properties

CDFH,CxD
CaDa ZF(C

C;FDH,F(C
;FC®FD~F(C

x D)
x D)
x D)

x D)

(but not all left adjoints are monoidal functors)



Cohesive HoT T




A Pattern

® I Ax F

* Operation on contexts [, with structural
properties

* Type constructor that “internalizes” the context
operation, inherits the structural properties

17
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Develop a logic in which
® I Ax O F are all instances of one connective
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loday

Develop a logic in which

® I A+« O F are all instances of one connective

- = -« U are all instances of another

Why?

% Pattern to abstraction Spaces

* Tool for studying new situations | <A< N

18

Sets




Judgements

Sequent [ [a] - A

Context description (+~a:p



Context Descriptions

Modes D,d,...
Context Descriptions Xi:p1, ..., XnipnF—Q: @

Structural Properties a = 3
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Context Descriptions
Modes D,d,... / cartesian

Context Descriptions Xi:p1, ..., XnipnFQ: @

Structural Properties a = 3

* Types p,q are “modes”/kinds of types/contexts
* Terms a are descriptions of the context

* “Reductions” a = [3 are structural properties

20



Examples

Linear XlLyl—x®vy:l

a:A,b:B,c:C,d:D + ... (@ ®b) ® (c ®d)



Examples

X:b,yb-x=*y:Db
Bl
X:b,yb-XAY:Db

(a:A,b:B) ; (c:C,(d:D;e:E)) + ... (@xb) A (cx(dre))



Examples

linear
XlLyl—x®vy:l
Adjoint F —] U X.C,Y.CHXXVY:C
y:Cc - f(y) : |
cartesian

x:A,y:B; z.C,w:D + ... flx xy) ® (z® w)

23



Examples

Linear logic XlLyl—x®vy:l =1

Structural Rules X® (y®2z)=(X®Yy)®z x®1=x
X®Y =Y ®X 1®X =X

24



Examples

Cartesian logic x:,yil-xxy:l| -1

Structural Rules X x(yx2z) = (XxYy)xZ Xx1 =X
XXY=YXX 1 xX =X
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Examples
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Examples

Cartesian logic x:,yil-xxy:l| -1

Structural Rules X x(yx2z) = (XxYy)xZ Xx1 =X
XXY=YXX 1 xX =X

X = 1 weakening
V=Y XY contraction

25
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A typep



Judgements A:=FC|A®B]|...
C:=UA|CxD]|...

A typep
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Judgements

A typep

X1:A1... Xn:An [0] H A



Judgements

A typep
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X1:P1... Xn:Ppn QP



Judgements

A typep

X1:A1... Xn:An [0] H A

v

X1:P1... Xn:Ppn QP



Hypothesis

B=x x:Pel

[ [B] P



Hypothesis

up to whatever structural properties you’ve asserted,
what you need to use is X

\

B=x x:Pel
B P

27



Structural Rules (Admiss)

[ [a] - A
[[a-FA [ xXA[P]l+B B=a

[ [ Bla/x] ]+ B [ [B] = A



Structural Rules (Admiss)

[ [a] - A
[la]-FA [ xXA[Pl+B B=a
[ Bla/x] | - B [ Bl — A

[fa]-B [ xAyVA[q+—B

[ xX:AJa]+ B IxAI[a]y/x]]- B

[,y:B,x:A [a]— B
[,x:A,y:B [a]- C




- (functor) types

Internalize context descriptions as types

WEa:p Actxy
FaAtypep

e.g. A®B :=Fxey (XA, y:B)



- L eft

rABA-C [AARG

[LA®B,A - C [ AAEC

[[A;B] +— C [[A,B] - C

[JAAB] = C [[A«B] - C



- L eft

LA [ Blavx] | = B

[, X:Fa(Q), " [B] - B



- L eft

remember where in the tree A variables occur

/

LA [ Blavx] | = B
[, X:Fa(Q), " [B] - B




- Right

o= A THA A-B

[o-F A® B




- Right

B=aly] Tyl+A

[ [B] = Fa A



EXchange

X . F(y@z)(y:A,Z:B) [X] — F(z’@y’)(y,:A,Z,:B)



EXchange

V:A,z:B [y®z] - Frey)(Y':A,z2":B)
X . F(y@z)(y:A,Z:B) [X] — F(z’@y’)(y,:A,Z,:B)




EXchange

V:A,z:B [y®z] - Frey)(Y':A,z2":B)
X . F(y@z)(y:A,Z:B) [X] — F(z’@y’)(y,:A,Z,:B)




EXchange

V®zZ = (Z’eV)[7?]

V:A,z:B [y®z] - Frey)(Y':A,z2":B)
X . F(y@z)(y:A,Z:B) [X] — F(z’@y’)(y,:A,Z,:B)




EXchange

V:A,z:B [y®z] - Frey)(Y':A,z2":B)
X . F(y@z)(y:A,Z:B) [X] — F(z’@y’)(y,:A,Z,:B)




EXchange

y®z = (2'®Y’)[2/Z’,y/y’]

V:A,z:B [y®z] - Frey)(Y':A,z2":B)
X . F(y@z)(y:A,Z:B) [X] — F(z’@y’)(y,:A,Z,:B)




EXchange

V:A,z:B [y®z] - Frey)(Y':A,z2":B)
X . F(y@z)(y:A,Z:B) [X] — F(z’@y’)(y,:A,Z,:B)




EXchange

YRZ = Z®Y

V:A,z:B [y®z] - Frey)(Y':A,z2":B)
X . F(y@z)(y:A,Z:B) [X] — F(z’@y’)(y,:A,Z,:B)




EXchange

V®Z = Z®Y
V:AJY]FA

V:A,z:B [y®z] - Frey)(Y':A,z2":B)
X . F(y@z)(y:A,Z:B) [X] — F(z’@y’)(y,:A,Z,:B)




EXchange

V®Z = Z®Y
V:AJY]FA
z:B[z]—-B

V:A,z:B [y®z] - Frey)(Y':A,z2":B)
X . F(y@z)(y:A,Z:B) [X] — F(z’@y’)(y,:A,Z,:B)




Structural Properties

AB . AxB
AB: -, F (A x

B)
A:FBH,F(AxB)
FA,FB —,F (A x B)
:FA®FB F (A x B)

(but not all left adjoints are monoidal functors)



X: Fi A ® F: B [X]— Fs (A x B)

A®B = Fyez(Y:A,z:B) AxB := Fyxz(y:A,z:B)



v:Fi A, z:F: B [y®z]- Fi (A x B)
X: Ff A ® Ff B [X]+ Ff (A x B)

A®B = Fyez(Y:A,z:B) AxB := Fyxz(y:A,z:B)



V:A, z:F: B [f(y)®z]+ F: (A x B)
v:Fi A, z:F: B [y®z]- Fi (A x B)
X: Ff A ® Ff B [X]+ Ff (A x B)

A®B = Fyez(Y:A,z:B) AxB := Fyxz(y:A,z:B)



v:A, z:B [f(y)of(2)]- Fs (A x B)
V:A, z:F: B [f(y)®z]+ F: (A x B)
v:Fi A, z:F: B [y®z]- Fi (A x B)

X: Ff A ® Ff B [X]+ Ff (A x B)

A®B = Fyez(Y:A,z:B) AxB := Fyxz(y:A,z:B)



f(y)®f(z)=1(?)
y:A, z:B [f(y)of(2)]— Fr (A x B)

V:A, z:F: B [f(y)®z]+ F: (A x B)

v:Fi A, z:F: B [y®z]- Fi (A x B)

X: Ff A ® Ff B [X]+ Ff (A x B)

A®B = Fyez(Y:A,z:B) AxB := Fyxz(y:A,z:B)



v:A, z:B [f(y)of(2)]- Fs (A x B)
V:A, z:F: B [f(y)®z]+ F: (A x B)
v:Fi A, z:F: B [y®z]- Fi (A x B)

X: Ff A ® Ff B [X]+ Ff (A x B)

A®B = Fyez(Y:A,z:B) AxB := Fyxz(y:A,z:B)



f(y)®f(z)=f(yxz)
y:A, z:B [f(y)of(2)]— Fr (A x B)

V:A, z:F: B [f(y)®z]+ F: (A x B)

v:Fi A, z:F: B [y®z]- Fi (A x B)

X: Ff A ® Ff B [X]+ Ff (A x B)

A®B = Fyez(Y:A,z:B) AxB := Fyxz(y:A,z:B)



V:Aly|-FA  z:B[z]—B
fly)of(z)=flyxz) Vy:A,z.Blyxz] - A x B

v:A, z:B [f(y)of(2)]- Fs (A x B)
V:A, z:F: B [f(y)®z]+ F: (A x B)
v:Fi A, z:F: B [y®z]- Fi (A x B)

X: Ff A ® Ff B [X]+ Ff (A x B)

A®B = Fyez(Y:A,z:B) AxB := Fyxz(y:A,z:B)



loday

Develop a logic in which
® I Ax O F are all instances of one connective

- — -« U are all instances of another

Why?

% Pattern — abstraction Spaces

* Tool for studying new situations | <A<4 r 4>v

Sets

37



Right Adjoints

A+ B A+-A T[B]+C
[~ A-B [TA-B,A] - C

[ - UA



Right Adjoints

A+ B A-A T[B]~C
r—A-B MA-B,A] - C
M, A AA —, B

[ . UA [ UAAH,B



Right Adjoints

d,ccg-a:p Actxe Atypep

Ua(A[A) typeq



Right Adjoints

d,ccg-a:p Actxe Atypep

Ua(A[A) typeq

A - B :=Ucey(y:AB)



Right Adjoints

d,ccg-a:p Actxe Atypep

Ua(A[A) typeq



Right Adjoints

d,ccg-a:p Actxe Atypep

Ua(A]A) typeq

[,A [a|B/c]]-A
[ [B]-Uaq(AlA)




Right Adjoints A Ctxe

A typep

FR-A ety
B=vlasly]  TXANFC

C typer

[, x:Uqa(A|A) [B]- C

P,X:grFPB:r
pHO:d PdXxgHa:p YyPpry:r



Right Adjoints

X:X,aAxe®alrY



Right Adjoints

X:X,aAxe®alrY

X:X [X]F Uc o a(@:AlY)



Right Adjoints

Z:Fxea(X:X,a:A) [2]— Y

X X,aA[xe®al-Y

X:X [X]+ Uc e a(@:AlY)



Right Adjoints

Z:Fxea(X:X,a:A) [2]— Y

X X,aA[xe®al-Y

X:X [X]F Uc o a(@:AlY)
A-Y



Right Adjoints

X®A
Z:Fxea(X:X,a:A) [2]— Y

X X,aA[xe®al-Y

X:X [X]F Uc o a(@:AlY)
A-Y
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Categorical Semantics

*[ [B] — A is a cartesian multicategory over a
cartesian 2-multicategory

* Fa A makes this into an opfibration

% Uq(A[A) combines right adjoints for unary F’s
with closed structure (a closed fibration)

42



loday

Develop a logic in which
® I Ax O F are all instances of one connective

- — -« U are all instances of another

Why?

¥ It’s satisfying Spaces

* Tool for studying new situations | <A<—I r 4>v

Sets

43



