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state of a computation is
just a program

step the program until
-

it is done/t
sequential answer/
parallel value



""""
2

1+1 2i÷÷↳+I÷÷::" a " ^ " b " sty

nttostriy5str2n"o,e&
5£ j
¥5 division

It



(1+2)*(3+4) (1+2)*(3+7)

¥ys " 3*(3+4) l⇒ 3*7
""

steps
"

1--3*7
1--3 21

1--21

(paake⇒sequmtia
3 stops

2 steps



Evey type has a

cokect.int/vaCueS-andopeatinS1intJvakees-0
,

1
,
2
, ~l,n2

negativeoperating
+ * diu.at -105+2

|st valid
"
a
" " b " " ab "

off ^



Typecheckiy :

① each of the values has

the indicated type

② each operation is well-tyred
when the sub expressions

are well-typed cord
have the right types)



(3+7)*5.:w int

because.BE" has type

(3-+7) int bk

3 : int ble value

5.int b/c valve

: int bk va
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5 divo : int ble

5 : int ✓

0 : int ✓
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Variables
a variable is

a placeholder
for a value



val-x.int = 2+3 type check

.gg#tins:Valy:int--Y-I ¥1s
no ① body has

the indicated

way z.int#x--y tyre

: ② assumethe
a variable
i has the

indicated
type

in code

below



Val × : in -1=2+3 S Val x=5

Val go.int -_ ✗
+1 Val y=6

Val z.int = ✗ +y Vol z = 5+2

1→ Val ✗ = 5
→ Val x=5

valy%{④ -11 vac y=6
Val 2=0×+2 Val 2=5+6

¥stio→
Val ✗ = 5t.ua/x=svaly--⑤+ I j¥É=%µ⇒
t



Hal
Variables "

shadowing "☒ y= I
refer

Kal ✗ =3
← to

¥1 2=0×+1 the nearest
----

enclosing
Val -1=5

b.cn#(dedatrioatin)Valy--x+lValw--
3 i. rename variables

Val z=w -11 consistently
"



IFunct.in# captures a pattern of
computation

math f-G) = 2×+6

none of
the function

d g. type
of the input

SML-fun-flx.int ) : 1¥ ⇐ 2 * ✗ 1- 6F
① was med to variable

type¥d- the
nave

that study for output
type the input

② body must
have

the
output type



fun f- ( x) -12*+1+6 to~

f-(3) f( 12) substitute the
actual input

↳ (2*3)+6 ⇒(2*12)+6 for variable

f) - . .
.

↳ - - - - and continues

flu)
n . --



Lectures
① Functions

② Aggregates
③ Design Recipe



Functions copter a pattern of

computation

f- (x) = 2×+6 mathkeyword input output
type type

f- ( × : .it) :c# = (2*-1)+6E.
y 4

have
variable -
for bodyiuaput



fun flx.int/:int=2*x-6

(2*-1)+6 : int b/c×:int b/c2 : int
a¥ ×_✓

Giant



Function Application

f- (3) f 3 |f"111 - typed
If f is a function from int to int

ther
f 3 has type int

because 3 has type int



fun f- 1×1=2 * ✗ +6 ① run the 'aigumnt_"
until it is

f 3
-8 a value

↳€¥ ② substitute

to 6+6 that value )to 12 into the

bodyf- (2+2)f- 4
↳ (2*4)+6 ↳ f- (4) " call - by - value

"

l→ 8+6 1-7 - -
- .

l→ 14



f- (2-+2) f (2+2)
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t 2*4+61-42×-47+6
↳
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i
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call -by - name "call by s④
value Has-



fun f( ✗1=2*+1-6
f ((2+2)+(3--3))

f ((2+2)+(3+3))
to f- (4+(3+3)) ①
→ f (4+6) ②

t2 * ((2+2)+(3+3)) -16,0

tf to ③ 1-72*14 + (3+31)+6>0

1-72*10+6 ④ 1-72*(4+6) _c6③
⇐ ⇒⑨



fun glx : .at)
:

✗ * ✗

a-

g (4+2)+(3+31) g. ((2+2)+(3-+3))

tg ( 4+3+3 )① ⇒((2+2)+(3+3))
1→g( 4+6) ② *((2+2)+(3+3))
f) g 10 ③

①⇒ (4+(3+3)) * ((2+7)+(3+3))
⇒ ☐ * ☐ ( a. ☐ *⇐,⇒⇒,

④→ 10 *((2+2)+(3+3))CBU
CBN



vala.IE/-2-iz-- CBN
Val y=

f- a

|→
Val a = 2+2

1-7 Val a Val fy= 1-(2+2)Val y = far

to Vala -_ Y f (2+2)Val y=fy
1-72*(2+2) -16

f- Y
f) (2*4)+61-72*4+6
t 8+6

t :
1--14

:



fun h(x_€t) = 7-

h ((2+2)+(3+3)) h (4+41-(3-+3))
" "" """ | " "th (4+6)
H h 10 cau-bY_-t 7-

CBV CBN



nearest " enclosing
" binder

Val ✗ : int = 4

fan gcx:-#) = body-y:it=¥i ☐ONE

-
Val ×: out= 4
Val y : int

= ✗+1

fun g. ( x
: int ) = ✗ *y



fun
g
( × : int) : int =

¥ # & "*€" " "

"in✗ *g) body ag[expression]
end

① g has indicated type in
body

② Right - hand side must have indicated type



|Aggregates]→heteog__
but

•
"

struts " fixed

• tuples
size

collection
• pairs of date

;
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① lower - left

② upper - right
☐

☐
•

type point -_ int *int

type rect = point * point

☐÷ *
Cat * int) * ( int*int)

2¥



values-iatx.at
( V

, ,
V2) V

,
: .it

Vz : int

e.g. (1) 2) ( 4
,
17 ) . - -

.

Cut * cut ) * ( int * int )
a- a-

va (☒
, #



int * string
values ( 1, " a " )

string * int

values ( "a "
, 1)

-

operations let v-all.is?ty-iPt-- ¥4F
in

☒
end



type point iii.* %t¥ type rect point * point
(* Purpose : calculate the area of the reef n t)
fun areal r : rect) :int=

( * e. g. ya

¥ 1%-5%3.4 (
,

ll ur:-#
area ( ( a-

,
-0 )

, (y, a) Should be 6

area ( ( in )
, 13,2)) should be 2 *)

area ( (in) , 14,23) should be 3



fun area ( r : rect ) : int =

let * i
"

in µlet v1 Ily) = lol
in

let v1 I =@
in

ended
←× - ll×)*€e☒

end



To stop

let Val ( a.b) = e , in e
,

① step e , until it :S ( Vine) Y; values

② substitute v, for a

V2 for b
in e
,



area ( uh , G.4)
⇒ let vallff, g) = (EYED) in - - -

-

let val Cllxilly ) = le in
' let vallurx

, wry ) = ur
in

.
.

-
-

t let val lllx, lly) = G. 1)
in let val ( urx, wry) = (3,2)
in lurx -elx) * (very -eluded end⇒ let Val (ur ×

, wry ) = (3,2)
" ( ur ×- i , my - 1) end

↳ ( 3-1 , 2- 1)( t) - -



fun area ( r : neat) : int =

let Val Ill , ur )=r

val leex.ee, ) __ee]m?ÉaVal ( uvx
, ury )

=ur

in

end
her × - llx)*(arg - eg)

-:rect):=°
let Val ( Ideally) , Cwxiwy)) = r
in

end
tux -eex) * Cury -Ely)



fun area ( ((llx, llyl, lurx , u④) : reef ) :nt-krx-lh.ltlargely)

→s
① Purpose

② Examples
③ code

④ Test


