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A natural number is

either se
eerie

- -0 > •

- It K, where k
--



0 is a rat ✓

1 is a rat)
1=1+0

2 is a rat §
2= It I

2 1+1+0
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Goal : double .ae natural number

④ (* Purpose : I ⇒ |
4- Examples :①- double (a) should be 4

double (3) should be 6 *)

① fun doublet n : :-# =

Cafe n of_%① { * - ⇒*o÷÷xF•shift#



Case n of

o⇒ -

II.⇒-

12 ⇒-

Is ⇒-



double (2)
1→ case 2 of 0=>01 - ⇒ 2-1 double (z -c)
1--2-1 double (2- it
↳ 2 + double (E)
↳ 2-1 case 1 of 0=301 -⇒ 2 + doubled- 1)
↳ 2-1 ( z + double (1-1) )
1-72+12-1 doubeo)
t 2 + ( z+ Case 0 of 0=701 -⇒ 2+00-546,D
t 2+(2+0)
1-72+2

1--4



To step
case n of

o⇒
1-⇒☒

① step n until value

② if value is 0 ,

step to eo

⑦ if value is not 0
,

step to e,



(* Purpose
compute 2- HEI

exp (a) =4
*)

exp / 33=8

fun exp (n : int) : ,nf=
"P(41=16 -

-

I,
case n of

0=>1-7
1- ⇒¥-i
12xzxzxi.FI?...--#



G- Purpose + e.g.

9 ! = 9×8×7×6×5x4xsx2#
9facto

☐

q

8
5 ④8

06 07

① : how many arrangements
of 9 people ?

*)



(* Goal : compute n ! *)
fun fact ( n : int) : int=

Case Ñ of
o ⇒ I

1- ⇒fact(s)^*faeff
↳ Case 5 of 0⇒ I / -⇒ 5-* fact(g)
to 5-* fact(4)
1-75 * (4*3×2*1)



fact (5)

↳ Case 5 of 0⇒ I / -⇒ 5-* facts -c)
1-7 5 * Bonet G- - c) -

t 5☒fact⑧D⑧

not5¥ case 4 of 0⇒ I - ⇒ 1-* faeH£f )e-



Proton: make the doctor

say
"

aaaa
- - . -

a
"

with n letters
•

ExapkS_
doctor 2 = "

aa
"

doctor 4 = "
aaaa "

doctor g- = "
aaaaa "



fun doctor C-n.int ) : string =
Case n of

0 ⇒ " "

1- ⇒
"

a
" ^ doctorG- 1)

doctor (5) should be "
aaaaa

"

doctor(4) should be "
aaaa

"



fun fact ( n : int) :int= fun doctor (É) : string =
Case Ñ of

case n of
• ⇒ 4- " int

o ⇒ " . : string
*facf(n-É 1- ⇒ "

a
" ^ doctorG- 1)

•

stingyfun f( × : -1, ) : T =

Case n8%tf
e. 1- ( "t o ⇒ art :-|

8 String
•

8 story[ 1- ⇒ Tt-÷¥jT



"
"" """

"a¥ natural numbers
,

you can

① prove it for 0

② prove it for I-1k

assuming it is true
for K



fun exp ( n : int) : int =

Case n of

o ⇒ 1-7
1- ⇒¥D

(* Porpoise : for all natural numbers n,
exp (n) = 2

"

*)
_@

Proof by induction on n Math

① Prove exp (03--20

② Prove exp (1+12)--2
' -1k

assay exp (k) -_ 2k
] MY §



fun exp ( n : int) : int =

Case n of

o ⇒ 1-7
1- ⇒¥D

①Basij
To show : exp (o) = 20

exp (o )
↳ cage o of o⇒I / - - -

↳ I

= 2°



fun exp ( n : int) : int =② TOSHI : case n of

o ⇒ 1-7
'

explltk) =3
"" i-⇒

Iñ*eh¥pT¥
expats)
⇒ case Hk of 0=31 / - ⇒ z*eyp¢Hk) - 1)
↳ 2 * exp ((1+24)-1)

t2*exp④= 2*212 by inductivehypothesis
= 21+112 by math



Programs arent exactly math

expert)
"
- l

"

t 2*eyp( - 2)
↳ 2*2 * eypc -3) "%
7-72×-2*2# ypl-9)

÷
c



e
,
= ez eek programs

either

① both e, and ez return

the same value

② both raise the same

exception ⑤NO raise Av)
③ both 00 - loop



Ries:

① if et e' ther e = el

② equivalence relation
① e=e

② if e, = ez then ez = e,

③ if e, = ee ad ez=ez
there

,
=e
]

③ replace equals with equals inside
or expression


