
LetsIInduction



A natural number is
-

either

- O
,
or

-

I th
,
where n is

a rat

→ and thats it !
IT



Qais a.not ✓

↳ is a rat 1=1+1

§ is a not 2=1+1

÷



(* Purpose : double the input *)
N natural number -
comment

.

start comme

(* Examples : double Ca) = y
end

double (3) = 6 * )

FL double ( n : int) giant =2*



fue do

fue double Gent) : int =
Casey E

O Casey n of

1 -
O ⇒Do

I - ⇒It
re



double (2)

↳ case 2
of 0=701 -⇒ 2- double ca - D

↳ 2 + double (2-1)

t52tdovbk
↳ 2T case

1 of 0=301 - ⇒ 2x doubled
-D

+32-1 @ + double Ci - D)

t
3

H 2t (z t case 0 of O⇒ o l -⇒

• + double G.

- o) )

tl→ 2+2 t-⑦



To step a case

④ step the thing being
cased on [until value)

② If its value is 0
,

then go step 1st branch

③ If its value is not 0
,

then go step 2nd branch



int in SML is an imperfect
representation of

natural numbers

① s fixed size 264
-

[maybe 263)
ints

② int includes negatives
N l r2 e

- - -

Ig



double ( rel )

1-7*2 + double (v2)
↳
*
2T 2x double 63)

FT ;

I infinite loop !
:



fue double Geert) : int
E

case n of
base case

I - ⇒

megas
. rien's:#

double ( o)
is

Snake

⇒ 2tooublec.no- is
¥

t-ztdoubhecncj-32-cztdo-bkfI.DZ



double (2)

⇒ 2-1 double
Ce)

P2 t 2x double (2)

f) 2 t 2 t 2-1 double (e)
I

'

y
in finite loop



Case n of

o⇒Teo has type

i - ⇒@ Tint

if n has type int
and eo has type # int

e , has type T -
int



Fm double Cn :zt) =

double has type int → int

{ ease."ii. mm:ei



Factional
-

n ! = n * (n - 1) * ( n -2) * - r . -

* 3*2*1

5 ! = 5 x 4×3×2×1=120



( * Purpose : compete n !

h * Ch - 1) * ( n - 2) * ( n -3) * - -
-

Excerpt : factorial (E) = 120
* )

foe fact c⑥t o.int =
case o of

o ⇒ Is

I - ⇒ acfCn
- i )



fact (5)

top case
5 of O⇒ l l - ⇒ 5 * facts;)

I→ 5 * factG-
- i )

to 5 * fact (4)

to
"

5 * 4 * fact(3)

to 5 * 4 * 3 * factCz)

+35 * 4 * 3 x 2 * fact( c )

1-35 * he * 3 * 2 * I * facto)

t 5 * 4 * 3 * 2 * I * I

1-3 120



(* Purpose: say u aaaaa . .
- a
"

with n a 's * )
Kat

(* E.g . doctor (4) =
"
Aaaa

' '

doctor (5) =
"
aaaaa

"

!
* )

for doctor ( noo int ) g string =
case n of

① ⇒ n a

\ - ⇒
"
a
" n doctor CNS )



doctor (2)

↳ case 2 of 0=301 -
⇒ "
a

" a doctor
- ( 2*1 )

t
"
a
" a doctor Ca - i )

⇒
"
a
" n doctor G )

1-5
-

" a
"
N "a

" N doctor (o)

f)
Y
Ce
" N "

A
" d l ' n

e
e

th "
ace

"



⇐ double Czech) : int Template
case n of

/#

,f base
case fzfcm.int) : F-

⇐±÷÷÷÷t÷µ÷÷o,
I ten - is

fonfzseto.cz?ts:string-# |¥
I

"

ann doctor



Methodology
-

① Give name and names of

inputs and types

Ems )⑨ Write body using templates

⑤ Run examples as tests ✓
×



Induction
To prove something for all

natural numbers
,

- prove it for O

-

prove it for
Itb

,

assume i

g-
it is true

for R



( * Purpose : exp (n ) computes 2
"

E.
g- exp (2) =

22=4

exp (3) = 23=8
- - .

*)

f-mexplno.int) :
=

case n od
-

o

E*expff
•
so
= >



Theory for all natural numbers
n
,

exp (n) = 2h
-

n-

code / math (value)
Prigs

① return a value

② infinite loop

③ raise an exception



e = e
'
means

① same value

② both infinite loop

③ both raise the same

exception



① equivalence relation
@e=e

④ e,
= ez Lf ez=e ,

② e
,
-

ez cf
e
,
= ez and ez -- ez

② congruence
: replace equals
with equals -in a

bigger program

③ e. =ez If e,t



for all n , exp (n ) = 2h

①lcaseforo.IT
To show :

exp (o)
-

-

- 20

exp co)

⇒ case 0 of
O⇒ l l - - -

.

⇒ I

= 20 math set



caseforl-k.IT
Tostig : exp (Hk)

= 2
't 's

Inductive hypothesis 8 assume
-

exp Ck )
=2K

exp
4th)

⇒ case ltk Of Q ⇒ l l -⇒ 2 * expect k)- t)
↳ 2 * exp(( ith)

- l )

⇒ 2 * exp ( k)

= 2 * 2K by inductive hypothesis

= 2
't k

math


