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In this lab, you will adapt the operational semantics we have written for sequential programs to handle
concurrent threads. The meta-operations of update, lookup, and substituton, and the rules for stepping
expressions will stay unchanged from before. We will start from the rules for stepping statements in Figure 1.

1 Thread pool

A thread pool is a list of threads, where each thread is a statement. We write a thread pool as s1, . . . , sn or
write s⃗ for a whole list.

Here is a first attempt at a rule for stepping threads:

µ | si 7→ µ′ | s′i
µ | s1 || . . . || si || . . . || sn 7→ µ | s1 || . . . || s′i || . . . || sn

step-threads-1

Since i can index any thead s1 through sn, this means that the thread pool steps by choosing any thread si
and stepping that thread. This is non-deterministic in the sense that a thread pool can have many different
next steps. A list of steps with each thread pool stepping to the next (µ1 | s⃗1) 7→ (µ2 | s⃗2) 7→ (µ3 | s⃗3) . . .
is called a trace.

We will write a0, a1, etc. for memory addresses (which could concretely just be Num(0),Num(1),etc.)

Task 1. Consider the thread pool

[(a0,0)] | (a0 := get(a0) + 1;) || (a0 := get(a0) + 2;)

• Give a trace in which a0 contains 3 at the end, and contains 1 at some point during the trace.

• Give a trace in which a0 contains 3 at the end, and contains 2 at some point during the trace.

• Give a trace in which a0 contains 1 at the end.

• Give a trace in which a0 contains 2 at the end.

We call the first two good interleavings and the second two bad interleavings.

Have us check your work!
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µ | e1 7→ e′1
µ | Set(e1, e2) 7→ µ | Set(e′1, e2)

Set-search-1

µ | e2 7→ e′2 e1 done

µ | Set(e1, e2) 7→ µ | Set(e1, e′2)
Set-search-2

(µ | Set(Num(a),Num(v))) 7→ (update(µ, a, v) | Noop) Set-instr

µ | e 7→ e′

µ | If(e, s1, s2) 7→ µ | If(e′, s1, s2)
If-search

k ̸= 0

µ | If(Num(k), s1, s2) 7→ µ | s1
If-true

µ | If(Num(0), s1, s2) 7→ µ | s2
If-false

µ | s1 7→ µ′ | s′1
µ | Sequence(s1, s2) 7→ µ′ | Sequence(s′1, s2)

Sequence-search

s1 done

µ | Sequence(s1, s2) 7→ µ | s2
Sequence-done

µ | While(e, s) 7→ µ | If(e,Sequence(s,While(e, s)),Noop)
While-expand

a ̸∈ dom(µ)

µ | LocalVar(x.s) 7→ update(µ, a, 0) | s[Num(a)/x]
Declare

Func(f, x.s) ∈ p

µ | Call(f, e) 7→ µ | LocalVar(x, Sequence(Set(x, e), s)) Call

Figure 1: Step rules
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2 Fork

Next, we will add a fork{s}; statement to the language, with abstract syntax Fork(s) where s is a state-
ment. The idea is that fork adds a new thread to the thread pool, and returns immediately in the thread in
which it occured. For example

(fork{x := get(x) + 2;}; x := get(x) + 1;)

should step to the thread pool

x := get(x) + 1; || x := get(x) + 2;

where the original thread continues with the code after the fork, while the new thread runs x := get(x) + 2;.
One slightly tricky aspect is that the fork might be “deep” in a statement, in a left-nested seqeuence like

((fork(s); if e {s1} else {s2};) ; e1 := e2;) ...

which is

Sequence(Sequence(Sequence(Sequence(Fork(s), If(e, s1, s2)), Set(e1, e2)), . . .))

In this statement, we only find the fork by doing the search rule Sequence-search several times.
To handle this, we will change the operational semantics for a single statement from µ | s 7→ µ′ | s′ to

have an extra output µ | s 7→ µ′ | s′ | s⃗, where the output thread pool s⃗ contains any threads that s forks.

Task 1. Write a rule for Fork:

µ | Fork(s) 7→ | |

Task 2. Modify each of the rules in Figure 1 to output a (possibly empty) thread pool.

Task 4. Modify the rule

µ | si 7→ µ′ | s′i | s⃗
µ | s1 || . . . || si || . . . || sn 7→ µ | s1 || . . . || s′i || . . . || sn

step-threads

to incorporate the forked theads s⃗ output by the premise.

Task 3. Give a trace in which

{var x; fork(x := get(x) + 1;); fork(x := get(x) + 2;); }

steps to the thread pool

a0 := get(a0) + 1; || a0 := get(a0) + 2;

Have us check your work!
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3 Locks

3.1 Return addresses

In C, it is not entirely necessary for functions to return a value, because one can simulate a return value by
assigning to a memory location provided by the caller of the function. For example,

int f () {
return 1;

}
int main () {

int x;
x = f();

}

is morally the same as

void f (int* return_address) {

*return_address = 1;
}

int main () {
int x;

int ret;
f(&ret);
x = ret;

}

which is the same as

f (var return_address) {
get(return_address) := 1;

}

main () {
{var x;
{var ret;
f(ret);
x := get(ret);
}
}

}
;

Since we haven’t implemented functions with return values yet, when we say a function “returns”, we
mean it in this sense.
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3.2 Test and Set

One way to avoid the bad interleavings from Section 1 is to lock the variable x in each thread before using
it. While a thread holds the lock, no other thread is supposed to read or write x. To implement locks, we
will need a new operation called test and set.

First, we will describe an implementation of test and set in our existing language IMP and then we will
add it as a new primitive.

Morally, test-and-set takes a memory location a, which should contain 0 or 1; we call this a flag. Test-
and-set always sets the flag to 1. The test-and-set also returns the value of the flag a at the beginning of
the call to test-and-set, so that the caller can see if the bit was changed (beginning value was 0) or wasn’t
changed (beginning value is 1).

Task 1. Implement test-and-set. Morally, a and return have type int*, so a is the address of a local
variable, get(a) is the address of the flag, and get(get(a)) is the current value of the flag.

testAndSet(var a, var return) {

}

Task 2. Suppose two threads are running test-and-set on the same flag at the same time:

main() {
{var a;
a := 0;

{var return1;
{var return2;
fork{testandset(a,return1);};
fork{testandset(a,return2);};
}}}

};

The intention is that one of return1 will be 0, for the thread that goes first and sets the flag) and the other
will be 1, for the thread that goes second and sees the flag is already set. Explain why this implementation
allows bad interleavings in which both theads see the flag as unset and both return 0.

Task 3. We can fix this problem by adding test-and-set as a new statement, which does both the get and the
set in a single step, so that no other threads can be interleaved in between them. This corresponds to how
test-and-set or other concurrency primitives are implemented as a single instruction in hardware. We have a
statement TestAndSet(e1, e2) where e1 evaluates to the address of the flag and e2 evaluates to the address
for the return value.

Add a rule for

µ | testAndSet(Num(a),Num(r)) 7→ testAndSet-instr
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(We will also need the usual search rules for evaluating e1 and e2.)

Task 4. Finally, we use test-and-set to implement a lock, with the following interface:

• The lock is an int variable, which is either 0 or 1.

• The lock starts off unlocked (0).

• If the lock is unlocked (0), the lock can be acquired by setting the lock to 1. If another process
has already locked the lock, then a thread that tries to acquire the lock should wait until the lock is
unlocked.

• If the lock is locked by a thread (1), it can be released by setting it to 0.

Task 4. Finish implementing the lock by implementing acquire.

acquire(var lock) {
{var before;

}
}

release(var lock) {
get(lock) := 0;

}

main() {
{var lock;
lock := 0;
{var x;
x :=0;
fork { acquire(lock); x := (get(x) + 1); release(lock);};
fork { acquire(lock); x := (get(x) + 2); release(lock);};

}
}

}

;

Adding the lock to the code from Section 1 should make the bad interleavings impossible.

If you finish all of that, have us check your work and ask me for a bonus problem.
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